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We have restricted the forcing function to dc sources for the sake of
simplicity, for pedagogic reasons, and also for historic reasons.
Historically, dc sources were the main means of providing electric
power up until the late 1800s.

At the end of that century, the battle of direct current versus
alternating current began.

But, ac is more efficient and economical to transmit over long

distances, ac systems ended up the winner.

we are particularly interested in sinusoidally time-varying excitation,
or simply, excitation by a sinusoid.
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Circuits driven by sinusoidal current or voltage sources are called ac circuits.

The Reason why we are interested In sinusoids Is
I. Nature itself is characteristically sinusoidal.
I1. sinusoidal signal is easy to generate and transmit.

[11. any practical periodic signal can be represented by a sum of sinusoid.
V. a sinusoid is easy to handle mathematically.

Sinusoids

Consider the sinusoidal voltage

where

V,, = the amplitude of the sinusoid
W(t) = V, sinwt @ = the angular frequency in radians/s
@t = the argument of the sinusoid

T is called the period of the sinusoid. From the two plots in Fig. below, we observe
that wT = 2,

V() A I= % V() A
v, - Vi -
i /—\u / /\{
—v:— n\/ﬁ“ 3}‘\/'”‘ ot —V: - %3\-/ ! BTJT ]
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The fact that v(t) repeats itself every T seconds is shown by replacing
thyt+T

; 2 P
it+T)=V, smo(t+T)=V, -“‘*i““*’(r ™ f)

=V, sin(wf + 2x) =V, sinwt = v(t)

vit+ T) = v(1)

A periodic function is one that satisfies f (t ) =f (t + nT ), for all t
and for all integers n.

The cyclic frequency f of the sinusoid is,

f=LT |:> w=2xf

The general expression for the sinusoid  v(f) = V,, sin(wf + ¢)
Where, ¢ Is the phase

AC Steady State Analysis By:Tamiru G. G. (Msc.)
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et us examine the two sinusolids

v,(f) =V _ sinwf and V,(1)

vi= WV, sin wt

neering (EPCE2101)

=V, sin(wf + ¢)

Mmoo

 If$¢=0, then vy and v, are
said to be in phase.
« If$#0,thenv, and v, are

vy =V sin(wt + ¢)

Figure: Two sinusoids with different phases
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> said to be Out of phase.
* V, leads v, by ¢ or that v;

lags v, by ¢.
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* Asinusolid can be expressed in either sine or cosine form

* When comparing two sinusoids, It Is
expedient to express both as either .
sine or cosine with positive o reoset
amplitudes.

e This is achieved by using the
following trigonometric identities:

Y
+ sin wt

SIN(A + B) = sinA cos B + cosA sinB |
CoS(A + B) = cosA cosB F sinA sinB \1303
i » + COs ml

sin(wf + 180%) = —sinwft
cos(wt £+ 180°) = —coswt J
sin(wf + 907) = + cos wf
cos(wf + 90%) = F sinwf v
+ sin mt

ASTU - EPCE Dpt
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A coswt + B sinwt = C cos(wt — 0) A, cosat

where C=VA + B a:mn—lg ;

Example: sin ot

3coswf —4 sinwt = 5 cos(wt + 53.19)

s ,

5/ |

‘\\53105
0 : » COS @t

+3

Y
sin wt
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Example: Find the amplitude, phase, period, and frequency of the sinusoid

v(t) = 12 cos(50f + 10°) V.
Solution:

The amplitude 1s V,, = 12 V.
The phase i1s ¢p = 10°.
The angular frequency 1s @ = 50 rad/s.

iod T=2F =27 _ 41257 «
The period I'= "= 5{}—0,125?' S.

The frequency i1s f= ?l_= 7.958 Hz.

Example: Calculate the phase angle between V, & V,. Then, State which sinusoid is
leading.

v, = =10 cos(wt + 507)

Vy = 12 Sill({ﬂf - ]UI:J

ASTU - EPCE Dpt
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B METHOD 1
In order to compare v1 and v2, we must express them in the same form.

vy = —10 cos(wt + 50°) = 10 cos(wt + 50° — 180°)
vi=10cos(wt— 130°)  or v, =10 cos(wt + 230°)
vy = 12 sin(wt — 10°) = 12 cos(wt — 10° — 90°)

v, = 12 cos(wtf — 100°)

« From the above two eqgs. the phase difference between viand v2is 30°.
vy = 12 cos(wt — 130° + 30°) or wv,= 12 cos(wt + 260°)

 This shows clearly that v, leads v, by 30°.
m METHOD 2: Alternatively, we may express v1 in sine form:

v; = =10 cos(wt + 50°) = 10 sin(wt + 50° — 90°)
= 10 sin(wt — 40°) = 10 sin(wt — 10° — 30°)
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But v, = 12 sin(wf — 10°). Comparing the tw o shows that v, lags v,
by 30°. This 1s the same as saying that v, leads v, by 30°.

B METHOD 3: If you plot simply plot the graph for v1 and v2

) » COS ol
50°
ht
Vs ™ 10°
1’2
¥
Phasors sin ot
Imaginary axis
A phasorisacomplex number that represents the A 2
amplitude and phase of a sinusoid ,
Z=Xx4+]y Rectangular form 2=, i y
= r@ Polar form J - \ ’ I
z=re? Exponential form 0 > Realaxis

AC Steady State Analysis By:Tamiru G. G. (Msc.)
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Imaginary axis

Z=Xx4+jy Rectangular form Z
z=r/¢ Polar form i
. |
z=re? Exponential form 2j I
r i y
Where: j L |
— : A .
r=vx +vy. ¢ =tan™' = 0 L—» Real axis
i X X
X =rcosg, y=rsing

z=x+jy=r/¢=r(cos¢ +jsing)

¢ Important Operation in complex function(Basic properties)
n=x+ i =r /¢

L=Xy+ 2 =1 /¢

AC Steady State Analysis
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===

Addition: z, 4+ 2, = (x, + x) + j(v; + v5)
. Complex Conjugate:
Subtraction; @ — %= = %)+ =)
Sy —jp
R " =X—V=r/—gr=T€

Multiplication: <12~ rr2/ ¢+ ¢ / [~
Division: ; — 9 b, — b Square Root:

. = — : )
Reciprocal: ]f — !l [~ VI=VT/[$/2

* Euler’s identity forms the basis of phasor notation.

« Simply stated, the identity defines the complex exponential €”as a
point in the complex plane, which may be represented by real and
Imaginary components: L

J y P W) =V, cos(wt + ¢p) = Re(V, &)
e = cos¢p + j sing) v(t) = Re(V,e/%e/™)

C?S P = RC{F.I:} v(f) = Re(Ve'™) V= L-'m.gﬁ-‘f-“ =V /¢
singh = Im(e'") —
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Figure: Representation of \Vel%: (a) sinor rotating counterclockwise, (b) its projection
on the real axis, as a function of time.

v(t) =V, cos(wt + ¢b) & V=V,/¢

(Time-domain {Phasor-domain
representation) representation)
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Imaginary axis
A

Vv \ﬂ

Vin
\Leadmg direction
\qﬁ
» Real axis

= ]
/ Lagging direction

In".l'l
I
/:

Figure: A phasor diagram showing V=1V, & and I =1,,/-0.

Sinusoid-phasor transformation.

Time domain representation Phasor domain representation
Vacos(af + ¢) 'nr"mi@

Vsin(wf + ¢) Via/ g — 90°

I,cos(mt + &) I, @

I sin(mt + 0) I,/ 60— 90°
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Let differentiate V(t) w.r.t  v(f)=Re(Ve™) =V, cos(wt + ),

dv

i —wV, sin(wt 4+ ¢) = @V, cos(wt + ¢ + 90°)
[

— RD[ f”L.fm E_Hirm'f._,u-rlt.-El_,il:-l] ] — Rﬂ[h,fl{!,l"‘t-ﬁ’“':ﬂl-r}

 This shows that the derivative v(t) is transformed to the phasor domain
as JwV

dv

dt

i Time domain) { Phasor domain)

— J.f'fu‘i-

« Similarly, the integral of v(t) is transformed to the phasor domain as
V/w

] "'
v dt — —
o Jfru
{ Time domain) { Phasor domain)
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The differences between v(t) and V should be emphasized:

l. v(t) iIs the Instantaneous or time domain representation, while V is
the frequency or phasor domain representation.

[1. v(t) is time dependent, while V is not.

1. v(t) is always real with no complex term, while V is generally

complex.

* Finally, we should bear in mind that phasor analysis applies only
when freqguency Is constant; it applies in manipulating two or more

sinusoidal signals only if they are of the same frequency.

ASTU - EPCE Dpt
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Example: Evaluate these complex numbers
(a) (40/50° + 20/=30°)"/"
10/=30° + (3 — j4)

b
O 103G —5)

Solution:
(a) Using polar to rectangular transformation,
40/50° = 40(cos 50° + j sin50°) = 25.71 + j30.64
20/-30° = 20[cos(—30°) + j sin(—307)] = 17.32 — j10

Adding them up gives
40/50% 4+ 20/=30°" = 43.03 + 20.64 = 47.72/25.63°
Taking the square root of this,
(40/50° 4+ 20/-30°)"* = 6.91/12.81°
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(b) Using polar-rectangular transformation, addition, multiplication, and
division,

10/=30°+ (3 —j4) 8.66—j5+ (3 —jd)
Q+HB -5  Q2+HB+)5)
11.66 — j9  14.73/=37.66°
T 14422 26.08/12247°
= (.565/—160.13°
Example: Transform these sinusoids to phasors

(a) i=6cos(30r —40°) A
(b) v=—4sin(30f + 50°) V

Solution:
(a) i = 6 cos(50f — 40°) has the phasor The phasor form of v is

[=6/-40° A V=4/140°V
(b) Since —sinA = cos(A 4 90°),

v = —4 sin(30f + 507) = 4 cos(30r + 50° + 90°)
=4 cos(30r + 140%) V

AC Steady State Analysis By:Tamiru G. G. (Msc.)
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Example: Find the sinusoids represented by these phasors
(a)I=-3+j4A
(b) V=8V

Solution:

(a) I=-3+j4=5/126.87°. Transforming this to the time domain gves
i(t) =5 cos(wt + 126.87°) A

(b) Because j = 1,/90°,

V=;8/-20° = (1/90°)(8/=20°)
=8/90° — 20°=8/70° V

Converting this to the time domain gives

v(t) = 8 cos(mt + 70°)V
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Example: Find their sum. i(t) = 4 cos(wt + 30°) A and ix(t) = 5 sin(ot — 20°) A

Solution:
Here is an important use of phasors—for summing sinusoids of the same
frequency. Current £;(f) is in the standard form. Its phasor is

I, =4/30°

We need to express i;(f) in cosine form. The rule for converting sine to
cosine is to subtract 90°. Hence,

2= 5 cos(mt — 20° — 90%) = 5 cos(wf — 110°)
IL=5/-110°

If we leti = i; + i,, then

I=1,+1,=4/30°+5/-110°

=3464 4+ ;2 - 1.71 — j4.698 = 1.754 — j2.698

=3.218/-56.97° A

Transforming this to the time domain. we get

i(f) = 3.218 cos(at — 56.97°) A

ASTU - EPCE Dpt
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Example: Using the phasor approach, determine the current i(t) in a
circuit described by the integrodifferential equation.

4i + gJ i df — 3% = 30 cos(2r + 737)

Solution:

8l _ ~: v =0 /qso _
41 +H— 3jwl = 50/75 But w=2, so
I(4 — j4 — j6) = 50/75°

50/75° 50/75°
[ = — = =4.642/143.2° A
4-j10  10.77/-68.2°

Converting this to the time domain,

i(f) = 4.642 cos(2f 4+ 143.2°) A

Keep in mind that this Is only the steady-state solution, and it does not
require knowing the initial values.
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If the current through a resistor R is

i =1, cos(mf + o).

v E?:_ R v f R
v= iR = RI cos(wf + ¢b) f\
« The phasor form of this voltage Is — SVIRT:
_ . (a) (b)
"a — -.-"Il = ° -
Rln/¢ 1=1./¢. Figure: Voltage-current relations for a
V =RI resistor in the: (a) time domain, (b)

frequency domain.

Im A

P

kL.
o

0 Re
Figure: Phasor diagram for the resistor.
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 For the inductor L, assume the current through it is

| = Imcos(wt + ¢). . —
V= L% = —wlLl, sin(wf + ¢h) " " 1
Since, -sin A = cos(A + 90°). ' 5 L v =R
v = @lLl, cos(wt + ¢ + 907) R S
which transforms to the phasor =L V=Joll
(a) (b)

Figure: Voltage-current relations for an

But 1,,/¢ = 1, e = j. Thus, inductor in the: (a) time domain, (b)
frequency domain

V=jwll |
« The voltage and current \
are 90° out of phase. W | Figure: Phasor diagram for

the inductor; I lags V.

AC Steady State Analysis By:Tamiru G. G. (Msc.)
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* For the capacitor C, assume the voltage across it is
V =V cos(wt + ¢). The current through the capacitor Is

i I

dh o——
i=(C—
dt v "
) _— C vV _— C
[=joCV = V= ‘
) d.rmt':'
o o
Im A f=Cg—‘; | = jwCV
N @) (b)
! v Figure: Voltage-current relations
for a capacitor in the: (a) time
b domain, (b) frequency domain.
o
0 Re

Figure: Phasor diagram for the capacitor;
| leads V.

« The current and voltage are 90° out of phase

AC Steady State Analysis By:Tamiru G. G. (Msc.)
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Summary of voltage-current relationships.

Element Time domain Frequency domain
R v=Ri V=RI
di -
! dr Ja
. -ﬂr'l." T I
C =(C— V=—
T joC

Example; The voltage v = 12cos(60f 4+ 457) is applied to a 0.1-H inductor Find the
steady-state current through the inductor.

Solution:
For the inductor, V = jwLI, where @ = 60 rad/sand V = 12 /45° V.

Hence,
V ]2{45‘?‘ B 11{455‘

I=—= -
joL j60x 0.1  6/90°

=2/-45° A

Converting this to the time domain,

i(t) = 2 cos(60f — 45°) A

ASTU - EPCE Dpt

AC Steady State Analysis By:Tamiru G. G. (Msc.)




Fundamentals of Electrical Engineering (EPCE2101)

Impedance and Admittance

In the preceding section, we obtained the voltage-current relations for
the three passive elements as

i .. i I V vV . \Y 1
RI jarL1 P I [ e [~ jwC

* From these three expressions, we obtain Ohm’s law in phasor form for any
type of element as

_ « where Z is a frequency-dependent
L=y o V=1l guantity known as impedance, measured
In ohms.

The impedance Z of a circuit is the ratio of the phasor voltage V¥ to the
phasor cumrent 1, measured in ohms (£2).

* The impedance represents the opposition that the circuit exhibits to
the flow of sinusoidal current.
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Impedances and admittances of passive elements.

Element Impedance Admittance

-1
R Z=R =1
b R
: . |
L L= jwL =
jo p jol
1 S
C Z= Y =jwC
Jo C e

» As acomplex quantity, the
Impedance may be expressed
In rectangular form as

Z=R+jX Z=1Z| /6

where

Z| = VR + X, Hztml"'%

and

R = |Z]| cos®, X=|Z| siné

Consider two extreme cases of angular frequency.

1. When w =0 (i.e., for dc sources), ZL=0
and Zc—> oo,

Short clrcult at dc

I — O—
) Open circult at dc

2. When w — oo (i.e., for high frequencies), ZL — oo
and ZC =0,

—0 O—
e — Open clrcult at
high frequencles

C 0 o
[ Short circult at
. high frequencles
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The admittance Y is the reciprocal of impedance, measured in siemens (S).

yol_1 , |
AR TZG-F_,FB

1
7/

where G = Re Y is called the conductance and B = Im Y is called the susceptance.

I

C+jB= R+ jX

|  R-jX_ R-jX
R+jX R-jX R 4x?

By rationalization G 4 jB =

: L : R
G=———  B=—="_
Equating the real and imaginary parts gives Z 1 X 21X

showing that G # 1 /R as it is in resisti ve circuits. Of course, if X = 0,
then G = 1/R.

AC Steady State Analysis By:Tamiru G. G. (Msc.)
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Example: Find v(t) and i(t) in the circuit shown in Figure below

i eg Solution:
T A From the voltage source 10 cos4t, w = 4,
’ V,=10/0°V
ve=10 cos 4t (1) 01F =— v 5 /0°
- The impedance is

_ | :
Z=5+-1 =5 —5-125Q
TiC S T axol J

Hence the current

vV, 10/0°  10(5 +j2.5)

==

Z 5-25 52425
=1.6+0.8=1.789/26.57" A

The voltage across the capacitor is

« Converting I and V to the time domain, we
get

Ve iz.o Lo L789/2657 i(f) = 1.789 cos(4t + 26.57°) A

joC~  j4x0.1
1.789/26 57° ()= 4.47 cos(df — 63.43°)V

=447/-6343°V

 Notice that i(t) leads v(t) by 90° as expected.

0.4,/90°

AC Steady State Analysis By:Tamiru G. G. (Msc.)
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Impedance Combinations
l. Impedance in Series

* The same current I flows 1
through the Impedances. + L
Applying KVL around -
the loop gives

I i
Leg=1=Li+ L+ + 1Ly Zog=Zy+Zo+ - +Zy

» The current through the impedances is
.
L+ 7,
« The Voltage drop across the impedances is(V.D.R) V—?;:':J'

I=

\-‘r| —

ASTU - EPCE Dpt
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Il. Impedance in Parallel —

11 ] " |y
I:I-_-I—l; +I'-,._1|:— _+'"+.-_1
7, 7, 7|
: o) v z, Z,
1 _IT_1_ 1 1
Zo V Z, 2, T Zy -
and the equivalent admittance is 2.,
Yo=Y+ Y4 + Yy
Current division Rule N I
I"n:q: ] = — ] — = - ] — = — ﬂlﬂf | "{.:+--EI Vv 21
Y, Yi+Yy 1/Zi+1/Z, Z,+Z, 1
1‘i-:IZu_:_:I|Z|:I:Z: -
Z, 7
L z]+zp_l' IE‘zl+zgl
AC Steady State Analysis By:Tamiru G. G. (Msc.)




A-Y Conversion:

When a A-Y circuit is balanced, (equa| Impedance)
Z}.-: Z] = 22 = Z_‘.g and Zﬁ = Zﬂ = Z‘I.'r: Z:"

Ly =32y

or

Ly

ASTU - EPCE Dpt
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LI+ L2+ 152,

Zc’.!
Z,
Ll + 1,0+ 1L,
Zb =
7
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Example: Find the input impedance of the circuit in the Figure below. Assume

that the circuit operates at w = 50 rad/s.
2 mF 0.2 H

Solution:
LE[ e I I I -f":"f'- x\j

7., = Impedance of the 2-mF capacitor £ <30
Z, = Impedance of the 3-€2 resistor in series with thel0-mF - 84

capacitor = 10 mF
7, = Impedance of the 0.2-H inductor in series with the 8- O

resistor

Then e The input impedance is
I 1 (3—j2}(8 +j10)
Z = —j10 Q Ly=1+1,||Z;= .
| = i in = ] ) ” 1= 11 +j8

JL:'}C jS0x 2 x 1[]_1
44 4 14)(11 - 8
(44 +j14)(11 - ):_j]0+3,22—j1.m’ﬂ

1 1 - =10+
7y=3+——=3+ =(3-2)Q ]
joC j50x 10x 107~ ! 117487
Thus,

Lin=322-j11.07Q

Zy=8+jwl=8+j50x02=(8+/10)Q

By:Tamiru G. G. (Msc.)

AC Steady State Analysis
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Example Determine v,(t) In the circuit of Figure below.
60 Q

ATATAVAY

20cos(4t-15° () 10mF == G5H v,

Solution:
The transformation (time domain circuit in to the phasor domain equivalent Circuit)

v, = 20 cos(4f — 15°) = V,=20/-15"V, w=4
1 1

10 mF =

joC  j4x 10x 107 600
=—j25Q
j [ .
SH = joL=j4x5=20Q 2041°(F) —25Q=— j20Q3V,
let
Z, = Impedance of the 60-Q resistor Figure: The frequency domain
7, = Impedance of the parallel combination of the equiva|ent of the circuit
10-mF capacitor and the 5-H inductor
ASTU — EPCE Dpt | AC Steady State Analysis By:Tamiru G. G. (Msc.)
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I'hen Z; = 60 £ and

o —25%j20
Z,=—j25 | j20 = =100 Q
»==j23 || J ~25 1720 7

By the voltage-division princip]e,

' V. = —15
Vo= 7, + Z Y60 4100 {EDL}

= (0.8575/30.96°)(20/=15") = 17.15/15.96° V

We convert this to the time domain and obtain

v (f) = 17.15 cos(4f + 15.96°) V

ASTU - EPCE Dpt
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AC Bridges

« An ac bridge circuit is used in
measuring the inductance L of an
Inductor or the capacitance C of a
capacitor. s\

It is similar in form to the Wheatstone
bridge for measuring an unknown
resistance

« Galvanometer(ac ammeter or voltmeter)

»+ The bridge is balanced
 no current flows through the meter

1;] — "'?E.
Z, L.
V= -— V.=V, = —V,
- Z|+Z: 1 N Z:_"—ZL )
Thus, 4 Z,

— = = Z"'Z':.:ZZ.;
7 +7, Z:+7, SR

ASTU — EPCE Dpt | AC Steady State Analysis




AC AC,
'-\l\Tlete p-l \

|'(.J_.n_,r -\\' I-rl-'
=/

(@) (b)

Figure: Specific ac bridges: (a) for measuring L, (b) for measuring C
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Exercise: A Wheatstone bridge has a ratio arm of 1/100 (R,/R,).At first balance, R is
adjusted to 1000.3 Q. The value of Rx is then changed by the temperature change, the
new value of R; to achieve the balance condition again is 1002.1 Q. Find the change

of Rx due to the temperature change.

R,
(lj X
. R, 1
SOLUTION At first balance: ~ R.0ld=R, = 1000.3 % = 10.003 ©
1
R 1
After the temperature change: R new =R, f =1002.1x 00 =10.021 Q2
1

Therefore, the change of R, due to the temperature change is 0.018 Q

ASTU - EPCE Dpt
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Fundamentals of Electrical Engineering (EPCE2101)

D.C bridge (Off balance, V. # 0)

Thévenin Voltage (V)

Ve = Ve

where I, =

R+ R

Vi =4LR —1LR,

Therefore V.o =V

Using Theévenin circuit reducing method, thevenin resistance, galvanometer
current and galvanometer resistance could be calculated as follows.

Completed Circuit

Thevenin Resistance (R;,) 7
_ TH
RI A Rz R;mr c g o R
+ R
o TH ’
AN A% ‘\M O i = Viu £
Co— R, R, —oD Ry R,
ANN——ANA— _— ()
B D

Ry, =R /IR +R /IR,

ASTU - EPCE Dpt
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where /, = the galvanometer current
R, = the galvanometer resistance

By:Tamiru G. G. (Msc.)




Fundamentals of Electrical Engineering (EPCE2101)

Exercise:
A Wheatstone bridge with values of the bridge elements R1 =100, R2 = 1000Q, R3=200Q
and R4 = 2005q. The battery voltage is 5V and its internal resistance negligible. The
galvanometer has a current sensitivity of 10mm/ud and an internal resistance of 100qQ.
Calculate the deflection of the galvanometer caused by the 5@ unbalance in arm RX

SOLUTION The bridge circuit is in the small unbalance condition since the value of
resistance in arm BC is 2,005 Q.

A Thévenin Voltage (V)
oYy, wL Vs = Vo~V = 5V | 1001000
sv— D (e) c moTar 40T T 11004200 1000+ 2005 )
5 R =2 77 mV
1] 20s O
o ° Thévenin Resistance (Ry)
pp 4 oo Ry, =100//200+1000//2005=734 O
©° 2000 20050 °®  The galvanometer current
B v, 2.77 mV
® I =—™ - =332 A
R,=7M0O ¢ Ry + R, 7340+1000
L < | I=23ma )
i = %} r=1000 Galvanometer deflection
o 10
T @ d=3.32 uA = 332 mm
LA

AC Steady State Analysis By:Tamiru G. G. (Msc.)

ASTU - EPCE Dpt




Thank You For Your Attention!

Questions?
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